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Abstract— We provide a new viewpoint for a fundamental 
but little investigated problem in positron emission tomography 
(PET): non-collinearity of annihilation radiation from the hu-
man body. The cause of the angular deviation from 180 deg is 
described as well as how to evaluate it under a spatially distrib-
uted radiation source and a limited acquisition time. An elegant 
conversion from the photopeak spectrum into the angular 
distribution is done based on the conservation laws of momen-
tum and energy to avoid problems in the direct measurement. 
A healthy volunteer study using 18FDG and a Ge semiconductor 
detector reveals the distribution as a Gaussian function with 
the FWHM of 0.54 deg. Finally, we calculate the physical limit 
of 18FDG-PET spatial resolution.  

 Keywords— angular deviation, in vivo study, spatial reso-
lution, Doppler Effect, Ge semiconductor detector 

I. INTRODUCTION  

PET is receiving much attention from the researchers in 
the field of molecular imaging [1, 2]. The electron-positron 
pair annihilation (EPA) provides the position of a target 
molecule by two radiations emitted simultaneously in oppo-
site directions. The molecular most probably exists on the 
line of response (LOR) between the two activated detectors. 
To improve the spatial resolution, many investigators have 
been developed pixelized detectors [3].  

There are two physical limits for the spatial resolution: 
positron range and non-collinearity of the EPA radiation 
(EPAR). First, the position of the positron emission and the 
EPA are not the same because of initial emission energy. 
According to Levin and Hoffman [4], full-width at half-
maximum (FWHM) of the positron range in water is 0.10 
mm for 18F and 0.50 mm for 15O. Second, the flights of the 
two annihilation radiations are not exactly collinear. The 
slight angle deviation from 180˚ causes a departure of the 
annihilation point to the LOR.  

The aim of this study is a quantitative determination of 
the angle distribution of the EPAR from the human body. In 
1965, Colombino et al. [5] measured the distribution for 
pure water at 4˚C and the result of about 0.47˚ for FWHM is 
still often referred to [4, 6, 7]. However, the distribution 
changes considerably with some chemical and physical con-
ditions such as ionic concentrations and temperature [5, 8-
10]. 

No data on the angular distribution for the human body 
are available because of the measurement difficulty. Gener-

ally, a direct measurement is performed using two position 
sensitive detectors such as Anger cameras. A triangle, 
formed by the two activated detectors and the one source 
position, is determined in every coincidental event. The 
detectors are located several meters distance to enhance the 
angular resolution at the cost of the counting rate [9, 11]. 
However, this method supposes a point source at a known 
position and a sufficient acquisition time often longer than a 
week. In the case of a human PET study, however, only a 
limited amount of short-lived nuclides is injected and spa-
tially distributed in the body.  

II. THEORY 
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Fig. 1 A coordinate system to formulate the conservation laws of momen-
tum and energy before and after the annihilation. 

In this paper, we solve the problem of how to determine 
the angular distribution of the EPAR with a distributed 
source and a limited time. We measure another physical 
quantity which is converted into the angle. Figure 1 shows a 
laboratory system to formulate the physical conservation 
laws. The EPA takes place at the origin, and one of the two 
radiation photons is emitted along with the y-axis, and the 
other is emitted at an angle of θ  in the minus y-direction. 
The x-axis is defined perpendicular to the y-axis. The mo-
mentum vector of the former radiation is defined as 1p , and 
that of the latter one is 2p . ep  is the momentum vector of 
the mass center of the electron-positron (e-p) pair before the 
annihilation.  

We can see the law of conservation of momentum in Fig. 
1 displayed by a parallelogram formed by the above three 
vectors. The equations are 



 

x e 2cos sinp p pθ θ≡ =  
in the x-direction and  

y e 1 2sin cosp p p pθ θ≡ = −  
in the y-direction. The left side and the middle term of each 
equation represent the e-p momentum in each direction, and 
the right side is that of the two photons after the annihilation. 
The law of conservation of energy is formulated using the 

Einstein’s mass-energy equation, i.e., 2 4 2 2E M c p c= + , 
as 

2

1 22mc cp cp= + , 
where E is the energy, M is the mass, p is the momentum, 
and c is the speed of light in vacuo. The left side is the rest 
mass energy of the e-p pair (p=0), where the mass of each 
electron is m. Their relatively small kinetic energy is ignored. 
The right side is the energy of the two radiations (M=0).  

Since the same numbers of equations and independent 
variables (p1, p2, θ) are obtained, a determination of one 
physical quantity fixes the other two quantities. In this study, 
we measure the energy of the former radiation (cp1), and 
then, momentum of the radiation (p1), energy and momen-
tum of the latter radiation (cp2, p2), and the angle (θ ) were 
fixed at once. No necessity for any coincidental measure-
ments significantly reduces the acquisition time.  

The energy of each EPAR is obtained by solving Eqs. (2) 
and (3) simultaneously as 
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with the small angle approximation of cos 1θ ∼ . We obtain 
a different radiation energy than the rest mass energy of one 
electron, and the deviation is proportional to |py|. In other 
words, the source of the high-energy light wave is moving 
toward/away from the observer, so a shorter/longer photonic 
wavelength than 511 keV is measured: this is the Doppler 
Effect due to the wave nature of the radiation photon [12].  

The angular deviation is obtained when the p2 in Eq. (4) is 
substituted for that in Eq. (1) as  

2 sinxp p mcθ θ= ∼  
with the approximation of sinθ θ∼ and the assumption of  

ymc p . The angular deviation is proportional to |px|. In 
brief, the x-component of the e-p momentum is conserved as 
the angular deviation from 180˚ , and the y-component is 
conserved as the energy deviation from 511 keV.  

Here, px and py are considered to be statically the same 
because the electron momentum distribution must be iso-

tropic in the human body. With this natural premise, the 
relationship between the energy deviation and the angular 
deviation of the EPAR is obtained from Eqs. (4) and (5) as 

2

2 E
mc

θΔ = ±  

where EΔ  is the distribution of the energy deviation from 
511 keV, and θ  is the distribution of the angular deviation 
from 180˚. The two distributions can be converted into each 
other. 

III. EXPERIMENTAL 

For a precise measurement of EΔ , a Ge detector (GEM-
25, ORTEC) is employed. To calibrate the detector, six 
kinds of radioactive nuclides, 241Am, 133Ba, 57Co, 22Na (posi-
tron emitter), 137Cs, 54Mn, and 88Y, sealed in each plastic 
container are measured simultaneously. A pulse-height ana-
lyzer attached to the detector has a 13-bit analog digital 
converter, and each channel occupies 0.11 keV in this paper. 
The detector is kept 2.0 m from the scanning bed so that the 
dead-time rate does not exceed 5%.  

One hundred megabecquerels (2.8 mCi) of 2-[18F]-fluoro-
2-deoxy-D-glucose (18FDG) [2, 13] are injected into a 
healthy volunteer (22-years old male) to evaluate a brain 
PET scanner named jPET-D4 [14, 15]. After a 140-min rest, 
a 40-min continuous acquisition is done.  

IV. RESULTS AND DISCUSSION 

Figure 2 (a) shows the spectrum of the six nuclides. Pho-
topeaks of higher energy tend to have a broader form except 
for the EPAR peak at 511 keV. The relationship between the 
energy and the photopeak FWHM is plotted in Fig. 2 (b), 
including the result of the in vivo 18FDG. Theoretically, the 
photopeak FWHM is proportional to the square root of the 
energy because the number of electron-hole pairs excited in 
the detector is subject to a Poisson distribution. Eight pho-
topeaks due to the five nuclides are well fitted by the parab-
ola, while the photopeaks due to the EPAR are clearly 
broader because of the Doppler Effect. The greater Doppler 
Effect can be attributed to the mass of the e-p pairs which is 
much smaller than that of a nucleus.  

Figure 3 shows the spectrum of the EPAR from the in 
vivo 18FDG and its magnified photopeak. The photopeak 
count defined by the energy between 504.0 and 518.0 keV is 

51.7 10× . The photopeak form is well fitted by a Gaussian 
function, and the FWHM is 2.68 keV. However, a shape 
different from the Gaussian is observed around vertex and 
occupies 0.6% of the photopeak. This minor component is 
attributed to a positronium, a short-lived hydrogen-like 
“atom” composed of an electron and a positron, whose elec-
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tron has lost the original orbital momentum when captured 
by the positron. Because the EPAR from pure water typi-
cally exhibits the positronium component of around 10% [9], 
the chemical and physical conditions in the human body 
seems not to be the same as in pure water for a positron 
and/or a positronium.  
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Fig.2 (a) The spectrum of the six radioactive nuclides, and (b) the relation 
ship between the radiation energy and the photopeak FWHM. 
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Fig.3 (a) Spectrum of in vivo 18FDG and (b) the magnified photopeak fitted 
by a Gaussian function (black line). The gray line is the estimated system 
function of the Ge semiconductor detector at 511 keV.  

Generally, the form of a gamma-ray photopeak, F(E), is 
explained by the convolution of a delta function of the 
gamma-ray energy distribution and a system function of the 
detector, H(E), as 

( ) ( ) ( )F E H E Eδ= ⊗  
where ⊗  is a convolution operator. On the other hand, the 
form of the EPAR photopeak is described with an additional 
convolution as 

( ) ( ) ( ) ( )F E H E D E Eδ= ⊗ ⊗  
where D(E) is the “system function” of the Doppler Effect. 
Without the Doppler Effect, the FWHM should have been 
1.17 keV at 511 keV as shown in Fig. 2 (b), while the meas-
ured one was 2.68 keV as shown in Fig. 3 (b). The D(E) is 
obtained when F(E) is deconvoluted by H(E) to remove the 
detector’s system function. Since both F(E) and H(E) are 
well described by Gaussian functions, D(E) can also be de-
scribed by a Gaussian function, and the FWHM is calculated 
from the FWHMs of D(E) and H(E) as 

2 22.68 1.17 2.4− ∼  keV.  
The obtained distribution of ΔE can be converted into the 

distribution of θ  by using Eq. (4). As the result, the angular 
distribution of EPAR from 18FDG in the human body is 
determined to be a Gaussian distribution with the FWHM of 
9.4 mrad=0.54˚. The value is about 15% larger than that 
have obtained for pure water [5]. 

From this result, we can calculate the physical limit of the 
PET spatial resolution. A forward projection of the ideal line 
source placed on the center axis is described as 

( ) ( ) ( ) ( ) ( )r a dP x P x P x P x xδ= ⊗ ⊗ ⊗  
where ( )rP x  is line spread function due to the positron range, 

( )aP x   is that due to the angular deviation, ( )dP x  is that due 
to the detectors and other electronics, and ( )xδ  is a delta 
function representing the distribution of activity of the ideal 
line source. Therefore, ( ) ( )r aP Px x⊗  gives the physical 
limit of PET spatial resolution.  

The distance between the true LOR and the false LOR 
due to the angular deviation of θ  is written as 

( )sin 2θΔ =t R  
where R is the radius of the detector ring. This equation 
gives the FWHM of the Gaussian function of ( )aP x . There-
fore, we obtain 

( )2

2

1
( ) exp

22 σπσ
−=a

xP x   

with the standard deviation σ  as 

( ) 3
sin 0.54 2

( ) 2.01 10
2.35

σ
°

−= = ×
R

R R  . 

According to Derenzo [16], the positron range distribution 
can be written by an even function of dual-exponential as 
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with three parameters of C, k1 and k2. These values were 
determined experimentally by Derenzo [16], and computa-
tionally by Levin and Hoffman [4] and by Palmer et al. [7]. 
Their results for 18F in water are shown in Fig. 4 (a) with the 
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plots for 0x ≤ . Regarding the FWHM, the results by Der-
enzo (dashed line) and by Levin and Hoffman (solid line) are 
in good agreement. On the other hand, for the full width at 
tenth maximum (FWTM), the results by Levin and Hoffman 
and by Palmer et al. (dotted line) are in fair agreement. We 
employ the results by Levin and Hoffman to calculate the 
limit of PET spatial resolution. 

The larger the detector ring radius, the greater spatial 
blurring occurs because of the non-collinearity. Figure 4 (b) 
shows the convolution results of ( ) ( )r ax P xP ⊗  with ( )rP x  
for 18F and ( )aP x  for the R of 5.0, 20 and 40 cm. The 
FWHM of the line spread function is 0.5 mm for R=5 cm, 
e.g., small animal PET, 1.2 mm for R=20 cm, e.g., human 
brain PET, and 2.1 mm for R=40 cm, e.g., human wholebody 
PET. These values give the physical limits of PET spatial 
resolution with the ideal position sensitive radiation detec-
tors: ( )( )dP xx δ≡ .  
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Fig. 4 (a) Positron range for 18Fe reported by three groups. The inset table 
on the left shows their parameters. (b) The convolution results of the posi-
tron range by Levin and Hoffman and the angular deviation function deter-
mined in this paper. The inset table on the right shows the FWHMs and 
FWTMs. 

V. CONCLUSIONS 

The non-collinearity of electron-positron annihilation ra-
diation from in vivo 18FDG was evaluated for the first time 
by the conversion from the photopeak spectrum into the 
angular deviation. The distribution was well described by a 
Gaussian function centered at 0˚ with the FWHM of 0.54˚, 
which was about 15% larger than the value for pure water. 
Therefore, the chemical and physical conditions in the hu-
man body are not the same as those in pure water for a posi-
tron and/or positronium. Because the present results were 
obtained under the same conditions as for clinical 18FDG-

PET scans, they may be used reliably for simulations, sys-
tem designs, image reconstructions, etc.  For example, the 
limit of PET spatial resolution are calculated to be 0.5 mm 
for a 10-cm diameter scanner, 1.2 mm for a 40-cm diameter 
scanner, and 2.1 mm for an 80-cm diameter scanner.  
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